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VP H

o
§ = BHTP'’s + Bn L = rank(H)
< min(M, N)

P = diag{P,-}l.L:1
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0 yr 1 I
, P = diag{P;}._
\/?1 nl g{ l}l—l
1 ’ 1
s n i g
A0 Y L
> FW >

m Technische Universitat Miinchen
Institute for Circuit Theory and Signal Processing



Energy of scalar signals 2/16

¢ Scalar signal: x(z), R~ C
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% Scalar signal: x(r), R~ C % Passive, linear oneport:
y i(t) = O0—
“ Signal energy: E = [ |x(¢)|*ds
—o0 u(t) R>0
% Signal power: P = |x(1)|?
(1) 4—0—
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% Scalar signal: x(r), R~ C % Passive, linear oneport:
y i(t) = O0—
“ Signal energy: E = [ |x(¢)|*ds
—o0 u(t) R>0
% Signal power: P = |x(1)|?
(1) 4—0—

¢ Ohm’slaw: u(¢) = Ri(¢)

s Physical power:

Pony = u(7) - i (1)
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% Scalar signal: x(r), R~ C % Passive, linear oneport:
y i(t) = O0—
“ Signal energy: E = [ |x(¢)|*ds
—o0 u(t) R>0
% Signal power: P = |x(1)|?
(1) 4—0—

¢ Ohm’slaw: u(¢) = Ri(¢)

Signal assignment;
7 Sig 13 ** Physical power:

L x(1) ~u(t) = P ~ Ppy Ppohy = u(t) -i(2)
2, =u’(t)/R =i*(t)- R
3.
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% Scalar signal: x(r), R~ C % Passive, linear oneport:
y i(t) = O0—
“ Signal energy: E = [ |x(¢)|*ds
—o0 u(t) R>0
% Signal power: P = |x(1)|?
(1) 4—0—

¢ Ohm’slaw: u(¢) = Ri(¢)

Signal assignment;
7 Sig 13 ** Physical power:

1. x(t) ~u(t) = P ~ Ppyy Py = u(t) - (1)
2. x(1) ~i(t) = P ~ Ppy = u%(t)/R = i%(t) - R
3.

m Technische Universitat Miinchen
Institute for Circuit Theory and Signal Processing



Energy of scalar signals 2/16

% Scalar signal: x(r), R~ C % Passive, linear oneport:
y i(t) = O0—
“ Signal energy: E = [ |x(¢)|*ds
—o0 u(t) R>0
% Signal power: P = |x(1)|?
(1) 4—0—

¢ Ohm’slaw: u(¢) = Ri(¢)

*% Signal assignment: ,
5 > % Physical power:

1. x(f) ~u(t) — P~ Pphy Pphy = u(t) - i(¢)
2. x(1) ~i(t) = P ~ Ppy =u*(t)/R =i*(t)- R
3. x(t) ~ (au(t) + ,Bi(t)) — P ~ Py
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*k Vector signal: x(r) = [x1(1) Xz(l)]T
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Energy of vector signals 3/16

*k Vector signal: x(r) = [x1(1) xz(t)]T *% Passive, linear twoport:

------------------------------

* Signal energy: E = [ ||x(¢)||3dz

*¢ Signal power: P = ||x(?)]]3
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*k Vector signal: x(r) = [x1(1) xz(t)]T *% Passive, linear twoport:

------------------------------

* Signal energy: E = [ ||x(¢)||3dz

*¢ Signal power: P = ||x(?)]]3
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G arEa o aaa c e e e e o
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_> 4—
NGO ENENOR B FAORE X0
¢ Physical power:

Pphy = u1(2)i1(1) + u2(0)iz(1)
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*k Vector signal: x(r) = [x1(1) xz(t)]T *% Passive, linear twoport:

------------------------------

* Signal energy: E = [ ||x(?)||54d¢

*¢ Signal power: P = ||x(?)]]3

OO ED GD b Gb» GD D G G G @D E» @
G arEa o aaa c e e e e o

‘mr}]E?)""IMI"J;E?)""“
O —» -
i oV Yo Yoo

— O

¢ Physical power:
Pony = 11(0)ir(1) + ua(1)iz(0)

_ui () +us () —ur(Hus(t)
B R/2
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% Vector signal: x(¢) = [xl(t) xz(t)]T % Passive, linear twoport:

------------------------------

* Signal energy: E = [ ||x(?)||54d¢

*% Signal power: P = ||x(?)]]5

OO ED GD b Gb» GD D G G G @D E» @
G arEa o aaa c e e e e o

‘mr}]E?)""IMI-ZE?)""“
O —» -
i oV Yo Yoo

% Signal assignment:

1. x(f) ~ [”1(”

us(1)

— O

i| — P 7(4 Pphy
¢ Physical power:

Ppny = u1(2)i1(2) + ua(2)iz (1)

B ut(t) +uz(t) —u i ()ux(r)
B R/2
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% Vector signal: x(¢) = [xl(t) xz(t)]T % Passive, linear twoport:

------------------------------

% Signal energy: E = 7O||x(t)||§dt ; K i
% Signal power: P = [|x(1)|]2 R R |
2 '
'"&R?iml"i;;ii)-
*% Signal assignment: O — <O
(0 ant a0 v Yo Yho
1. x(t)N[ 1 } — P o Py
us(1)

¢ Physical power:
mit « = /3 —2, und

u1(2) + auy(t) }
oui(t) + ux(t)

Ppny = u1(2)i1(2) + ua(2)iz (1)

P~ Pohy  ud(0)+uld(0)—u (t)ua(1)
B R/2
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In a nutshell 4/16

The question:
»What does the signal x(t) mean physically? «

is in the scalar case only of secondary interest.

However, for vector signals it is essential!
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% Signals

x(t) ()
y()  v(1)
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% Signals

x(t) ()
y()  v(1)

N

gystem function
e.g.,

-

y(O)=x(t)xh(t)+9 (1)
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% Signals

x(t) ()
y()  v(1)

N

gystem function
e.g.,

-

y(O)=x(t)xh(t)+9 (1)

J

% Physical quantities

i(t)y  B(r)
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Signal theory and physics 5/16

% Signals % Physical quantities
x(t)  h(z) u(t)  E(1)

y(t) (1) i(t) B

ZN Z "\

gystem function A lfaws of Nature )
e.g., e.g., field equations
y(O)=x()xh()+() constraints

\ % \
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% Physical quantities

% Signals
(1) k(D) \
U (1)

u(t) E(z)

Assignment

y (1)

>

N

gystem function

e.g.,
y(@)=x(t)*xh(t)+9 ()
- /

i(1) B(t)

N
/

Z "\

N

laws of Nature )
e.g., field equations

constraints

.
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% Signals % Physical quantities
x(1)  h(r) \ \f ‘/ u(t) E(z)
y() U (t)/ % Assignment N \z (1) B (z)
/\

gystem function s 2 laws of Nature )
e.g., < Implications / e.g., field equations
y(@)=x(t)*xh(1)+9 () . 4\ constraints
\ / -
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Signal theory and physics 5/16

% Signals % Physical quantities
TR NI 1, (B
y(r)y 9(r) % Assignment N i(1) B(t)

AT

N

gystem function A r > 2 lfaws of Nature )
e.g., < Implications < e.g., field equations
y(@)=x(@)xh()+9 1) . ) constraints

\ % \

All relevant implications for the system function
have to be figured out!
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22 AWGN channel: 3

h € R : channel coefficient

P> »(E -y » ~ w0 (0.03)
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22 AWGN channel: 3

h € R : channel coefficient

P> »(E -y » ~ w0 (0.03)

s Signal to noise ratio:

_E[yPld=0] _ E[|x]’]

— — . h?
E[|y]?[x=0] o3

SNR
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22 AWGN channel: 3

h € R : channel coefficient

P> »(E -y » ~ w0 (0.03)

s Signal to noise ratio:

_E[yPld=0] _ E[|x]’]

— — . h?
E[|y]?[x=0] o3

SNR

¢ Aquestion: (h <« h/2) — (SNR <«
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Learning an implication by example 6/16
22 AWGN channel: 3

h € R : channel coefficient

P> »(E -y » ~ w0 (0.03)

s Signal to noise ratio:

_E[yP[#=0] _ E[Jx]]
E[[y?[x =0] o2

SNR . h?

¢ Aquestion: (h < h/2) — (SNR <« SNR/4)?

m Technische Universitat Miinchen
Institute for Circuit Theory and Signal Processing
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% AWGN channel: 3

h € R : channel coefficient

x"[} ’(\% >y ﬁNN(O,Ué)

sk Signal to noise ratio:

_E[yP[#=0] _ E[Jx]]
E[[y?[x =0] o2

SNR . h?

¢ Aquestion: (h < h/2) — (SNR <« SNR/4)?

— That’s only right if 05 is independent of h.
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Learning an implication by example 6/16
% AWGN channel: 3

h € R : channel coefficient

x"[} ’(\% >y ?9’\/:/\[(0,0'129)

sk Signal to noise ratio:

2 — 2
g L ELDPI9=0]  E[KP] Cphysical

_E[|y|2|x=0] - Uf, system

¢ Aquestion: (h < h/2) — (SNR <« SNR/4)?

— That’s only right if 05 is independent of h.
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Learning an implication by example 6/16
22 AWGN channel: 3

h € R : channel coefficient

x"[} ’(\% >y ?9’\/:/\[(0,0'129)

s Signal to noise ratio:

2 _ 2
ang — ELDIEI9=0] _E[IXI"] > (thSical

_E[|y|2|x=0] - Uf, system

¢ Aquestion: (h < h/2) — (SNR <« SNR/4)?

— That’s only right if 05 is independent of h.

Consistent modeling of a physical system as an AWGN-—channel
may enforce dependencies between / und O’é.
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= AWGN channel: y :% Physical communication system:

SN

11 € R : Transformation ratio
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= AWGN channel: y :% Physical communication system:

4’[> A) R i —i /ii

11 € R : Transformation ratio
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** AWGN channel: ¢ ** Physical communication system:

S N

% Signal assignment:

X = Ug, y = uy,

11 € R : Transformation ratio
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S N

% Signal assignment:

X = Ug, y = uy,

% Implications:
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Learning an implication by example 6/16

** AWGN channel: ¢ ** Physical communication system:

S N

% Signal assignment:

X = Ug, y = uy,

% Implications:
11 € R : Transformation ratio

¢ From circuit analysis:

u . IR1 + UiR>
— Ug + Ru— —
1 4+42 ¢ 1 + 12
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Learning an implication by example 6/16

= AWGN channel: y :% Physical communication system:

S N

¢ Signal assignment:

X = Ug, y = uy,

% Implications:
11 € R : Transformation ratio

% From circuit analysis:

U IRl + Uigo
—_— R ’ ’
= e M T M T
h 9
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Learning an implication by example 6/16

= AWGN channel: y :% Physical communication system:

S N

¢ Signal assignment:

X = Ug, y = uy,

% Implications:
11 € R : Transformation ratio

he—" . i <1/2
I - *% From circuit analysis:
U . IR,1 T UIR)
= u Ru — :
=T et 1 + ii2
h 9
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Learning an implication by example 6/16

= AWGN channel: y :% Physical communication system:

S N

¢ Signal assignment:

X = Ug, y = uy,

% Implications:

. 11 € R : Transformation ratio
U

h = s, |h| <1/2
1 + 12 = ¢ From circuit analysis:
Gzzag(l—\/l—4h2) _ U Ri IR,1 + UIRp
’ M= g et R
62 = 2k TBR h - 5
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Learning an implication by example 6/16

** AWGN channel: ¢ ** Physical communication system:

S N

s Signal assignment:

IR,2

X = Ug, Yy = Uy,

% Implications:
¢ Signal to noise ratio:

:
h=1rrs h<1/2 o4
a4
oF=op(1-VI-4?) 7
2 AL | | | |
02 = 2kTBR 0 01 02 03 04 05

h
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Modeling linear systems consistent with physics 7/16

% How do we systematically find all relevant implications?

1. To Each input and each output of the system we assign a port
of a linear multiport.

2. Each port is described by twwo conjugated physical quantities.
We employ electric current und voltage.

3. The relationships of the port variables are deduced from the laws of Nature,
and the physical/technological constraints.

4. Signals are assigned to physical port variables.

5. All implications for the system function are systematically
determined by multiport analysis.
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Components of a multiport model 8/16

% The multiport description of a communication system comprises:

1. Generation and injection of the input signals.
2. Description of the coupling between all ports.
3. Properties and coupling of physical noise sources.

4. Extraction and observation of the output signals.
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Linear multiport model of communication systems 9/16

s Signal generation:

o)
Zg
‘uGJ
o)
°
4
4
o)
Zg
‘uQN
o)
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Linear multiport model of communication systems 9/16

¢ Communication multiport with (N + M) ports

il IN+1
—O— —0 ¢«
Zg
Ui UN+1
‘uGJ
o— -0
o
o
o .
linear
IN IN+M
—O— -0 «
Zg
UN UN+M
‘uGN
o— -0
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Linear multiport model of communication systems

9/16

% Noisy communication multiport

/
UR N+1

Upi
AR
U/

Zg
U
‘uGJ
O—
°
4
4
/

UR N |
N\ —O
U/

Zg
Uy
‘uQN
o_

strictly
linear

iN+r*—

\UN+1

!

/
UR NiM
lN+M‘

UN+M

S &

Technische Universitat Miinchen
Institute for Circuit Theory and Signal Processing

44



Linear multiport model of communication systems
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% Receive signal amplification and observation:

/
UR N+1

—>

T
U/

Zg
Ui
‘uGJ

O—

/
URN .
_> l
U/

—O—
Za J
Un
‘uGN
o_

strictly
linear

Uv+1‘*—'

\UN+1

!

/
URNiM
lN+M‘

UN+M

IS

D

o

TUTI
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Linear multiport model of communication systems
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% Noisy receive amplifier

/
Uri |
=i
U/
Zg
U
‘uGJ
O—
P
®
°
/
URN .
N\ —O
U/
Zg
Uy
‘uQN
o_

strictly
linear

/ /
uRN+1 U, Ug 1
o— —o0—(——o0
U/
U1
UN+1 [:> ’
—0 o— —0 o)
noiseless
/
URNtMm Uom ¢ U, m
lN+M‘_ —~ o R ~ o
U/
U m
UN+M [:> ’
—0 o— —0 o)

TUTI
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Linear multiport model of communication systems 9/16

% Modeling the effects of noise at the amplifier’s input

Ut UR N+1 Up.l
u P—O— _O-‘ \ ] u 0— _C O
A IR,
G Ui UL 1
UN+1
¢ Ug,i
O— —0 o— —O0 o
: i
° strictly noiseless
Uiy linear | ypy 105 |
— ] l <— —
/G lR M y
Uy UN+M LM
‘uQN
O— —0 o— —O0 o
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Linear multiport model of communication systems
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% Modeling the effects of noise at the amplifier’s input

/

/
UR N+ Up,l

—> I
\_/ :
Zq

U
‘uGJ

O—

/
URN .
_> l

N
O

—O—
Za J
Un

o_

‘uQN

strictly
linear

INH1 %< =<

R

o

IR,1
UN+1
—O0

/
URNiM
lN+M<'

A SNR; = SNR, ¥

o

UN+M

&

M,B,M
~
\/ 0

D

TUTI
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Linear multiport model of communication systems 9/16

% Modeling the effects of noise at the amplifier’s input

/
URi . UR Ny Up,
= 11 INF1 S =
/AR N\ [
O] —o—O— —© ©
A IR,1 y
i UN+1 L1
‘uG,l
0— —0 —0 o
°
° : . :
° strictly input impedance Zy
UR N linear UR Nty Up.M
m_’ IN lN+M‘_ X
O A\ O— —O O
/G IR,M y
u UN+M LM
‘uQN
o— —0 o— —0 o
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Linear multiport model of communication systems
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% Modeling the effects of noise at the amplifier’s input

—>

T
U/

Zg
Ui
‘uG,l

O—

/
URN .
_> l
U/

—O—
Za J
Un
‘uQN
o_

strictly
linear

]ZvluA,l

/
. UR Ny Up,
lN+1‘*— ;i;
/O
IR,1
UN+1 [
—C
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UN+M
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TUTI

Technische Universitat Miunchen

Institute for Circuit Theory and Signal Processing




Linear multiport model of communication systems 9/16

% Modeling the effects of noise at the amplifier’s input

/

—>

T
U/

Zg
Ui
‘uGJ

O—

strictly
”i{, v linear

Ak
O

—O—
Za J
Un

o_

‘uQN
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Linear multiport model of communication systems
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% Strictly linear (N + M)—port with 2 sources and 1 impedance per port

UR,1

—>

N ) o
U/

Zg
Ui
‘uGJ

O—

/
URN .
_> l
U/

—O—
Zg
Uy
‘uGN
o_

strictly
linear

IN+1 ==

o——
IR
UN+I1

—0
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]ZvJuA,l
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Linear multiport model of communication systems
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% Strictly linear (N + M)—port with 2 sources and 1 impedance per port

Urpt . UR,1
[ /N
—O0— —O—4
/ _/
Za IR,1

‘uGJ
O— —0
°
.
, YA
URN . MRM
> IN lN+M
S—o- S
ZG lRM
Uy UN+M ]ZV UAM
‘uGN
O— —o
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Analysis 10/16

% Transfer properties:

/
UR UR,1
& |5 01 = Duc +
Zg IR,1 D = D(Z, Ze, ZV) c CMxN
[]ZV UA1
iuG,l
o— —O
o
.
, YA
UR N UR,M
—> —>
— O
Z IR,M
[1Zv{vam
iuG,N
o— —oO
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Analysis 10/16

Pr ! % Transfer properties:
0 Uy — DllG + n
__ M xN
[]ZV Ua 1 D = D(Z, Zg, Zv) e C
-0 % Transmit power:
PT = ugBuG
Z NxN A
B =B(Z Zs Zy) e CN*N.C
—O
[|Zv|uam
—C

5
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Analysis 10/16

% Transfer properties:

”i{,l UR,
E—o— —o0—O) uy = Dug + 9 -
/ l _ X
G R []ZvluA,l D=D(Z,Zs Zy) eC
o— o % Transmit power:
E PT == ugBuG
: Z A
UR,N UR, M B =B(Z,Zg Zy) € CN*N. _
&— 5 v
/ IR, M 1 - .
G [] ZvluA,M* Noise covariance:
Ry = E|usu}l |uc =0]
o— —0
Ry = Ry (Z, Zc, Zvy, noise par.)

c (CMXM°V2
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Analysis 10/16

% Transfer properties:

o

D =D(Z,Zg Zy) e CM*N

Q e @ % Transmit power:

PT = ugBuG

A
_ NxN ==
When we change even a single B=B(Z,Z¢ Zy) cC V
physical parameter of the system, < Noise covariance
e usually observe a simultaneous
W . Y v Ry = E|usu}l |uc =0]
change in each and every of the 3
system matrices (D, B, and Ry). Ry = Ry(Z.Zc. Zy, noise par.)

= (CMXM°V2
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Example

11/16
_/l\ upr = Dug + 1
j\ /\/\ﬂ j\ PT = ugBuG
n~ Ne (0, Ry)

d

M)
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11/16

j\ upn = Dug + 1y

PT == ugBuG

)
A 1~ e (0.Ry)

% Change in one system parameter (d):
Simultaneous change in
1. transfer properties: D

2. noise covariance: Ry

3. transmit power coupling: B
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Example 11/16

% Change in one system parameter (d):

Simultaneous change in b
1. transfer properties: D

2. noise covariance: Ry

3. transmit power coupling: B
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11/16

j\ upn = Dug + 1y

PT == ugBuG

)
A 1~ e (0.Ry)

% Change in one system parameter (d): e

Simultaneous change in
1. transfer properties: D e e @
2. noise covariance: Ry

3. transmit power coupling: B
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Signal assignment and channel matrix 12/16

% Signal model:
y = Hx + v
3 ~ Nc(0,051))
0§ independent of H

2
Pr = lx|[;
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Signal assignment and channel matrix

12/16

% Signal model:

y
U

Pr

S

Hx + 9
e/V(C (O, O’é IM)
05 independent of H

2
[l {1

% Multiport model:

Up

n
Pt

Ducg + 1
e/V(C(O, Rn)

ugBuG

TUTI

Technische Universitat Miinchen
Institute for Circuit Theory and Signal Processing

44



Signal assignment and channel matrix 12/16

% Signal model: % Signal assignment:
y = Hx + 1

3 ~ Nc(0,051))

x = Vug

y = Wl
05 independent of H

2
Pr ||x||2

% Multiport model:

uy = Dug+ 1
n ~ Nc(0,Ry)

PT = ugBuG
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Signal assignment and channel matrix 12/16

% Signal model: = Signal assignment:

y = Hx + 7
3 ~ Nc(0,051))

x = Vug

y = Wl
05 independent of H

2
Pt ||x||2

% Multiport model:

uy = Dug+1
n ~ Nc(0,Ry)

PT = ugBuG
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Signal assignment and channel matrix

12/16

% Signal model:

y
U

Pr

% Multiport model:

Dug + 1 W — 1/2/‘/

Up

n
Pt

S

S

Hx 49
Nc (0,051))

05 independent of H

2
[l {1

Ne (0, Ry ) Vv = B2
ug Bug H — /05 R’;I/Z

% Signal assignment:
x = Vug

y = W

H = w'Dy-!

% Equivalence of both models:

0

>
DB—I/Z

TUTI
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» Encoding« the physical context 13/16

_ —1/2 ~1/2
H = ,/05 R, "DB /
a @ e contains all the relevant physics about

1. signal transfer

2. effective noise
3. transmit power
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Application: compact antenna arrays 14/16

e Two linear antenna arrays of 4 isotropic radiators each

e Antenna separation inside arrays: d

d d
] ]
~--0--0--0--0- —--0---0--0--O--
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Application: compact antenna arrays 14/16

e Two linear antenna arrays of 4 isotropic radiators each

e Antenna separation inside arrays: d

. o
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Application: compact antenna arrays 14/16

e Two linear antenna arrays of 4 isotropic radiators each
e Antenna separation inside arrays: d

e Impedance matching networks at transmitter and receiver

- -
RAGR RAGR

power matching noise matching

T
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Application: compact antenna arrays

14/16

e Two linear antenna arrays of 4 isotropic radiators each

e Antenna separation inside arrays: d

e Impedance matching networks at transmitter and receiver

power matching

noise matching

— — Rayleigh fading
HPA%%%% ?Y?YLNA
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Application: compact antenna arrays

14/16

e Two linear antenna arrays of 4 isotropic radiators each

e Antenna separation inside arrays: d

e Impedance matching networks at transmitter and receiver

power matching

™ITTT

Rayleigh fading

noise matching

YYYY S

% Question: what happens to the rank of H in casethatd — 0?
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Application: compact antenna arrays 14/16

e Two linear antenna arrays of 4 isotropic radiators each
e Antenna separation inside arrays: d

e Impedance matching networks at transmitter and receiver

% Question: what happens to the rank of H in casethatd — 0?
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Channel matrix of compact antenna arrays 15/16

% Singular values of H':

51252>53>...
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Channel matrix of compact antenna arrays 15/16

% Singular values of H':

51252>53>...
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Channel matrix of compact antenna arrays 15/16

% Singular values of H':

51252>53>...

% Question:
How does ¥ depend in d ?
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Channel matrix of compact antenna arrays 15/16

% Singular values of H': 0.5

multiport model
51252>53>... 0.4

N 4

2% Define:
A\Y) >
Y = E[—} 0.2t
S1 \
01|
% Question: standard model
How does ¥ depend on d ? % 01 02 03 04 05 06 07 0.8 09 1

Antenna separation, d /A
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Channel matrix of compact antenna arrays 15/16

% Singular values of H': 0.5

multiport model
51252>53>... 0.4

N 4

2% Define:
A\Y) >
Y = E[—} 0.2t
S1 \
01|
% Question: standard model
How does ¥ depend on d ? % 01 02 03 04 05 06 07 0.8 09 1

Antenna separation, d /A

% Parallel data streams possible even with compact antenna arrays!
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Summa Summarum 16/16

Rudy Kalman (2005):*

Plenary lecture, International Federation of Automatic Control World Congress, Prague, 04. July 2005
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Summa Summarum 16/16

Rudy Kalman (2005):*

1. Get the physics right.

2. The rest 1s mathematics.

Plenary lecture, International Federation of Automatic Control World Congress, Prague, 04. July 2005
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Summa Summarum 16/16

Rudy Kalman (2005):*

1. Get the physics right.

2. The rest 1s mathematics.
1/

Plenary lecture, International Federation of Automatic Control World Congress, Prague, 04. July 2005
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