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] Scalar signal: x.t/; R 7! C

] Signalenergie: E D
1
R

�1
jx.t/j2dt

] Signalleistung: P D jx.t/j2

] Passives, lineares Eintor:

] Gesetz von Ohm: u.t/ D Ri.t/

] Physikalische Leistung:

Pphy D u.t/ � i.t/
D u2.t/=R D i2.t/ �R

] Zuordnung des Signals:

1. x.t/ � u.t/ H) P � Pphy

2. x.t/ � i.t/ H) P � Pphy

3. x.t/ �
�

˛u.t/C ˇi.t/
�

H) P � Pphy
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In a nutshell 4/16

The question:

»What does the signal x.t/mean physically?«

is in the scalar case only of secondary interest.

However, for vector signals it is essential!

Technische Universität München
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x.t/

y.t/

:::

h.t/

#.t/

:::

] Signals

Aus der Signalzuordnung müssen alle relevanten Implikationen

für die Systemfunktion ermittelt werden!
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Learning an implication by example 6/16

] AWGN channel:

hx y

#
h 2 R W channel coefficient

# � N

�

0; �2
#

�

] Signal zu Rauschverhältnis:

SNR D E Œ jyj2 j # D 0 �

E Œ jyj2 j x D 0 �
D E Œ jxj2 �

�2
#

� h2

] Frage:
�

h h=2
�

�!
�

SNR SNR=4
�

?

�! Nur richtig wenn �2
#
unabhängig von h ist.

Die konsistente Modellierung eines physikalischen Systems als AWGN–
Kanal, kann eine Abhängigkeit zwischen h und �2

#
erzwingen.

Technische Universität München
Institute for Circuit Theory and Signal Processing
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Die konsistente Modellierung eines physikalischen Systems als AWGN–
Kanal, kann eine Abhängigkeit zwischen h und �2

#
erzwingen.
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] AWGN channel:

hx y

#
h 2 R W channel coefficient

# � N

�

0; �2
#

�

] Signal to noise ratio:

SNR D E Œ jyj2 j # D 0 �

E Œ jyj2 j x D 0 �
D E Œ jxj2 �

�2
#

� h2 physical
system

noise

noise

Interaction

] A question:
�

h h=2
�

�!
�

SNR SNR=4
�

?

�! That’s only right if �2
#
is independent of h.

Consistent modeling of a physical system as an AWGN–channel
may enforce dependencies between h und �2

#
.
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] AWGN channel:

hx y

#

] Signalzuordnung:

x D uG; y D uL

] Implikationen:

h D Ru
1C Ru2

, jhj � 1=2

�2
#
D �2

0

�

1 �
p

1 � 4h2
�

�2
0 D 2kTBR

] Physikalisches Kommunikationssystem:

Ru 2 R W Übersetzungsverhältnis

] Schaltungsanalyse liefert:

uL D
Ru

1C Ru2

˜

h

uGC R Ru iR,1C RuiR,2

1C Ru2

œ

#
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] AWGN channel:

hx y

#

] Signal assignment:

x D uG; y D uL

] Implications:

h D Ru
1C Ru2

, jhj � 1=2

�2
#
D �2

0

�

1 �
p

1 � 4h2
�

�2
0 D 2kTBR

] Physical communication system:

i

u Ru�u

�i= Ru

uG

R

R

iR,1

iR,2

uL

] Signal to noise ratio:

0  0.1 0.2 0.3 0.4 0.5

h

S
N
R

A

2A
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Modeling linear systems consistent with physics 7/16

] How do we systematically find all relevant implications?

1. To Each input and each output of the system we assign a port

of a linearmultiport.

2. Each port is described by two conjugated physical quantities.

We employ electric current und voltage.

3. The relationships of the port variables are deduced from the laws of Nature,

and the physical/technological constraints.

4. Signals are assigned to physical port variables.

5. All implications for the system function are systematically

determined bymultiport analysis.

Technische Universität München
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Components of a multiport model 8/16

] The multiport description of a communication system comprises:

1. Generation and injection of the input signals.

2. Description of the coupling between all ports.

3. Properties and coupling of physical noise sources.

4. Extraction and observation of the output signals.

Technische Universität München
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Linear multiport model of communication systems 9/16

] Signal generation:

uG,1

uG,N

ZG

ZG

Technische Universität München
Institute for Circuit Theory and Signal Processing



Linear multiport model of communication systems 9/16

] Communication multiport with .NCM / ports

uG,1

uG,N

ZG

ZG

linear

i1

iN

u1

uN

iNC1

iNCM

uNC1

uNCM
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Linear multiport model of communication systems 9/16

] Noisy communication multiport

uG,1

uG,N

ZG

ZG

strictly
linear

i1

iN

u1

uN

iNC1

iNCM

uNC1

uNCM

u0R,1

u0R,N

u0R,NC1

u0R,NCM
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Linear multiport model of communication systems 9/16

] Receive signal amplification and observation:

uG,1

uG,N

ZG

ZG

strictly
linear

i1

iN

u1

uN

iNC1

iNCM

uNC1

uNCM

u0R,1

u0R,N

u0R,NC1

u0R,NCM

uL,1

uL,M
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Linear multiport model of communication systems 9/16

] Noisy receive amplifier

uG,1

uG,N

ZG

ZG

strictly
linear

i1

iN

u1

uN

iNC1

iNCM

uNC1

uNCM

u0R,1

u0R,N

u0R,NC1

u0R,NCM

uL,1

uL,M

noiseless

u˛,1

u˛,M

u0˛,1

u0˛,M
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Linear multiport model of communication systems 9/16

] Modeling the effects of noise at the amplifier’s input

uG,1

uG,N

ZG

ZG

strictly
linear

i1

iN

u1

uN

iNC1

iNCM

uNC1

uNCM

u0R,1

u0R,N

u0R,NC1

u0R,NCM

uL,1

uL,M

noiseless

ǔ ,1

ǔ ,M

iR,1

iR,M
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Linear multiport model of communication systems 9/16

] Modeling the effects of noise at the amplifier’s input

uG,1

uG,N

ZG

ZG

strictly
linear

i1

iN

u1

uN

iNC1

iNCM

uNC1

uNCM

u0R,1

u0R,N

u0R,NC1

u0R,NCM

uL,1

uL,M

ǔ ,1

ǔ ,M

iR,1

iR,M

SNR1 D SNR 2
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] Modeling the effects of noise at the amplifier’s input

uG,1

uG,N

ZG

ZG

strictly
linear

i1

iN

u1

uN

iNC1

iNCM

uNC1

uNCM

u0R,1

u0R,N

u0R,NC1

u0R,NCM

uL,1

uL,M

ǔ ,1

ǔ ,M

iR,1

iR,M

input impedance ZV
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Linear multiport model of communication systems 9/16

] Strictly linear .NCM /–port with 2 sources and 1 impedance per port
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strictly
linear
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iN
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uN

iNC1

iNCM
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Linear multiport model of communication systems 9/16

] Strictly linear .NCM /–port with 2 sources and 1 impedance per port

uG,1

uG,N

ZG

ZG

Z

i1

iN

u1

uN

iNC1

iNCM

uNC1

uNCM

u0R,1

u0R,N

uR,1

uR,M

uA,1

uA,M

iR,1

iR,M

ZV

ZV
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Analysis 10/16

uG,1

uG,N

ZG

ZG

Z

u0R,1

u0R,N

uR,1

uR,M

uA,1

uA,M

iR,1

iR,M

ZV

ZV

] Transfer properties:

uA D DuGC �

D D D
�

Z ; ZG; ZV
�

2 C
M�N

] Sendeleistung:

PT D uHGBuG

B D B
�

Z ; ZG; ZV
�

2 C
N�N � A

V

] Rauschkovarianz

R D E
�

uAu
H
A j uG D 0

�

R D R
�

Z ; ZG; ZV;Rauschpar.
�

2 C
M�M � VA
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PT

uG,1

uG,N

ZG

ZG

Z

i1

iN

u1

uN

uA,1

uA,M

ZV

ZV

] Transfer properties:

uA D DuGC �
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�
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�

2 C
M�N
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2 C
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ZG

ZG

Z

u0R,1

u0R,N

uR,1

uR,M

uA,1

uA,M

iR,1

iR,M

ZV

ZV

] Transfer properties:

uA D DuGC �

D D D
�

Z ; ZG; ZV
�

2 C
M�N

] Transmit power:

PT D uHGBuG

B D B
�

Z ; ZG; ZV
�

2 C
N�N � A

V

] Noise covariance:

R� D E
�

uAu
H
A j uG D 0

�

R� D R�
�

Z ; ZG; ZV; noise par.
�

2 C
M�M � V2
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Analysis 10/16

Z

D B R�

When we change even a single

physical parameter of the system,

we usually observe a simultaneous

change in each and every of the 3

systemmatrices (D, B, andR�).

] Transfer properties:

uA D DuGC �

D D D
�

Z ; ZG; ZV
�

2 C
M�N

] Transmit power:

PT D uHGBuG

B D B
�

Z ; ZG; ZV
�

2 C
N�N � A

V

] Noise covariance

R� D E
�

uAu
H
A j uG D 0

�

R� D R�
�

Z ; ZG; ZV; noise par.
�

2 C
M�M � V2
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Example 11/16

d

uA D DuGC �

PT D uHGBuG

� � NC

�

0; R�
�

] Change in one system parameter (d ):

Simultaneous change in

1. transfer properties: D

2. noise covariance: R�

3. transmit power coupling: B
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d

uA D DuGC �

PT D uHGBuG

� � NC

�

0; R�
�

] Change in one system parameter (d ):

Simultaneous change in

1. transfer properties: D
physical
system

noise

noise

Interaction

2. noise covariance: R�

3. transmit power coupling: B
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Example 11/16

d

uA D DuGC �

PT D uHGBuG

� � NC

�

0; R�
�

] Change in one system parameter (d ):

Simultaneous change in

1. transfer properties: D

Z

D B R�

2. noise covariance: R�

3. transmit power coupling: B
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Signal assignment and channel matrix 12/16

] Signal model:

y D Hx C #

# � NC

�

0; �2
# IM

�

�2
# independent ofH

PT D jjxjj22

] Multiport model:

uA D DuGC �

� � NC

�

0; R�
�

PT D uHGBuG

] Signal assignment:

x D VuG

y D W �1uL

H D W �1DV �1

] Equivalence of both models:

W D R
1=2
� =

q

� 2
#

V D B1=2

H D
q

� 2
#

R
�1=2
� DB�1=2
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Signal assignment and channel matrix 12/16

] Signal model:

y D Hx C #

# � NC

�

0; �2
# IM

�

�2
# independent ofH

PT D jjxjj22

] Multiport model:

uA D DuGC �

� � NC

�

0; R�
�

PT D uHGBuG

] Signal assignment:

x D VuG

y D W �1uL

H D W �1DV �1

] Equivalence of both models:

W D R
1=2
� =

q

� 2
#

V D B1=2; B > 0

H D
q

� 2
#

R
�1=2
� DB�1=2
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»Encoding« the physical context 13/16

Z

D

B

R� H

H D
q

� 2
#

R
�1=2
� DB�1=2

contains all the relevant physics about

1. signal transfer

2. effective noise

3. transmit power
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� Two linear antenna arrays of 4 isotropic radiators each
� Antenna separation inside arrays: d
� Impedance matching networks bei Sender und Empfänger

dd

] Frage: Was passiert mit dem Rang vonH , wenn d ! 0 ?
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Channel matrix of compact antenna arrays 15/16

] Singular values ofH :

s1 � s2 � s3 � � � �

] Wir definieren:

	 D E
�

s2

s1

�

] Frage:

Wie hängt 	 von d ab?

] Parallele Datenströme auch mit kompakten Gruppenantennen machbar!
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] Singular values ofH :

s1 � s2 � s3 � � � �

] Define:
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�
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�

] Question:

How does 	 depend on d ? 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4
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Antenna separation, d=�

	

multiport model

standard model

] Parallel data streams possible even with compact antenna arrays!
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Rudy Kalman (2005):�

1. Get the physics right.

2. The rest is mathematics.

Thank you!
�
Plenary lecture, International Federation of Automatic Control World Congress, Prague, 04. July 2005
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